All presently existing storage ring free electron lasers (SR FELs) are oscillators with a two-mirror optical cavity and an optical klystron (OK) [1] comprising two wigglers and a buncher between them 1 . SR FELs can operate in pulsed mode [2] with significant peak optical power. Early theoretical models [1] predicted peak intra-cavity (IC) optical power P opt of:
P opt ≤ P e − beam ⋅σ ε ind ; P e −beam =ˆ I e ⋅ E o e ;
where E o = γ o mc 2 ;γ o >> 1 is the central energy and ˆ I e is the peak current of the e-beam, σ ε ind is a relative RMS energy spread induced by FEL interactions and e is the electron charge. For a typical SR FEL with E o~1 GeV, ˆ I e~1 0A and σ εind~0 .1%, eq. (1) limits peak FEL power to about 10MW.
Studies of self-consistent SR FEL dynamics using the 3-D uvfel code [5] revealed a mechanism for generating Superpulses with IC peak power two-to-three orders of magnitude above the estimate given by (1) . Fig. 1 shows the typical evolution of a Super-pulse in the OK-4/Duke SR FEL predicted by the uvfel code. Our uvfel code [5] includes most SR FEL effects and has been proven very reliable in predicting both e-beam and optical beam parameters in SR FELs [2, 4, 6, 7] .
In this letter we discuss phenomena responsible for Superpulses in SR FEL 2 . We present a self-consistent set of dimensionless non-linear differential equation describing Super-pulse and the peak power dependencies on key parameters. We also discuss the physics of Super-pulses using results of computer simulations for illustration 3 . An ultra-relativistic electron is described in 6-D phase space by its energy E e = E o (1 + ε) , longitudinal coordinate ξ = v e t − z , transverse coordinates and angles
where ′ x ≡ dx / dz and z is the coordinate along the FEL axis. Without lasing, the electron beam obtains 1 For simplicity, we chose round-trip times of the laser pulse in the optical cavity and the electron beam (e-beam) in the ring to be equal. Small deviations from exact synchronism are not important in a pulse SR FEL mode (see [3, 4] for details) and the extension to the case of integer ratio between the round trip times is straightforward. 2 Experiments with Super pulses are published elsewhere [2, 7] . The experiments with efficient harmonic generation support our predictions for Super-pulse. 3 10 5 to 10 6 macro-particles were used in simulations. The data used in this letter represent about 1,000 runs of uvfel code with total number of macro-particle passes through the FEL ~10 11 .
a natural distribution in 6-D phase space, which is close to a Gaussian and is the product of the normalized transverse (t) a n d l o n g i t u d i n a l (s ) distribution functions
where N e is the number of electrons in the e-bunch [8] . This separation is valid for processes in SR FELs discussed in this letter 4 which have time scales much shorter than that of radiation damping in a storage ring. 
where n is the turn number around the ring, and {δ = ε / σ εo , ζ = ξ / σ zo } are dimensionless coordinates scaled by the natural e-beam energy spread σ εo = mc 2 σ γo and the bunch length σ zo . Trajectories in {δ,ζ} phase-space are simple clock-wise circular rotations (see Fig. 4 ).
The FEL wigglers (with period λ w and magnetic field B w ) provide a resonant interaction between electrons and the TEM optical wave at wavelength λ o given by:
which is a consequence of the electrons slipping behind the optical wave at the rate of:
Passing through an OK, an electron radiates a wave-packet with length equal to its total slippage Ξ << σ zo :
where N w is the number of periods in one wiggler and N D is the dimensionless slippage in the buncher [9] . When FEL interactions are present, the intra-cavity optical power builds up from spontaneous radiation, which is accumulated and amplified during consequent passes by the circulating e-bunch:
where G th = (R 1 R 2 ) −1 − 1 is loss per turn in an optical cavity with mirror reflectivity R 1,2 and P SR is the power of spontaneous radiation into the FEL mode. At the beginning of the process (n = 0) the longitudinal FEL gain profile is Gaussian, like the e-beam (2), with peak gain G o :
(4) The complete set of dimensionless self-consistent equations for a Super-pulse can be derived for a rather general SR FEL case, using Einstein's relations between spontaneous and induced radiation [10, 11] . The optical field in an FEL can be described as a wave packet with slowly varying complex amplitude and a normalized transverse mode function r u ( r r ):
We assume that the wave-packet is not Fourier limited, which is always correct for a pulsed SR FEL [3, 5] . Variation of electron energy in an FEL is the result of local interactions with a Ξ-long segment of the optical field, which modifies longitudinal motion, and can be expressed by an integral along the electron's trajectory:
For a short wavelength FEL with λ o << α c Cσ εo (C is the ring circumference and α c is the momentum compaction factor) the correlations between electrons are washed-away after one turn around the storage ring and the optical phase φ=k o (ct i -z i ) of electrons entering the FEL is random. Resultantly the connection between the average energy loss and the energy diffusion is given by [10] ,
Using the local interaction (5), local energy conservation and eq. (6), one can write a set of dimensionless equations:
where ν = n ⋅ G th is the independent variable. The optical intra-cavity power is normalized by P n , which is proportional to the peak power of the electron beam and the initial relative energy spread:
Naturally, P n is of the same order given by the prediction from eq. (1). Equation (7) contains dimensionless parameters g = G o / G th (gain parameter), r = Ω s / G th (refreshment parameter) and a dimensionless well-defined function: As follows from eq. (7), for the optical beam to be amplified the derivative of the diffusion coefficient q(δ) should be negative at and around δ=0. It means that q(δ) reaches its maximum at negative δ and minimum at positive δ (see Fig.  4 ).Choosing N D in the range between the maximum gain and the maximum average lasing power [6] : provides 5 Our studies show very strong dependence of peak power on both the gain and refreshment parameters as shown in Fig. 2 . A summary of the dependencies in Fig. 2 : (a) an FEL operating close to the threshold (g-1<<1) has very low power compared with the g>2 case, while the increase of gain far above g=10 does not cause further enhancement; (b) at r<<1, the synchrotron motion is essentially frozen providing for fast depletion of the local phase space density of electrons, while the increase of the refreshment factor well above ten does not increase the peak power; (c) maximum peak power is attainable, when the ratio between r and g is near π, i.e. when electrons go through half of a synchrotron oscillation during one e-growth time ν e =1/g.Thus slow synchrotron oscillations with r<<g can reduce the peak power by a factor of 5-to-6. Nevertheless, the increase of the refreshment parameter to r>>4g does not further increase the power and can even slightly decrease it by causing oscillations in optical power. The peak power has its strongest dependence on the gain parameter. The peak power typically increases by an order of magnitude when g grows from 2 to 9. This dependence flattens at g>10. Fits in Figs. 2(a) and 2(b) provide additional information, which can be used for assessing capabilities of a SR FEL in Super-pulse mode. In an FEL with positive net gain (G o >G th ) the period of accumulation of spontaneous radiation is followed by a period 5 The reduction of the peak power caused by finite transverse emittances of the e-beam is well described by F x,y factors in ref. [6] .
of exponential growth (Fig.2) , similar to that in a SelfAmplified Spontaneous Radiation (SASE) FEL [12] . This process in SR FELs is well understood and studied theoretically in [3] . The correlation length of the optical field grows with amplification Γ = G FEL (n)dn Fig.2 . The RMS length of optical pulse is short compared with the e-bunch length: σ opt =0.35. The circle and arrow shows the trajectory and direction of motion for a particle with a=10 (see eq. (2)) in the absence of the FEL interaction. Fig.3 and Fig.4 show additional details of the e-beam dynamics and provide a basis for qualitative understanding of the physics of Super-pulses. The initial exponential growth of the peak optical power by 5-to-6 orders of magnitude (Fig.3 , turns 1-100) does not affect significantly the e-beam distribution or the gain profile, but the length of the optical micro-pulse reduces to about 0.3 times the initial e-bunch length. The optical pulse consists of a few tens of very short (∆ζ=1-2 . 10 -3 ) spikes growing from the "white" noise of spontaneous radiation. The peak power in the spikes exceeds the local-average (∆ζ~0.1) value by 5-to-20 times (see Fig.7 in ref. [4] ). These spikes provide for approximately an order of magnitude increase in the peak power above the estimate given by eq. (1). The random nature of the spontaneous radiation provides for pulse-to-pulse fluctuations in peak power, which can be as large as a factor of two. The nature of the spikes and their statistics are well studied in theory of SASE FEL [12] and are out of the scope of this letter. Another order of magnitude increase in the peak power comes from the e-beam refreshment. Synchrotron oscillations continuously bring new electrons through the center region, where the optical pulse is concentrated. This allows the short optical pulse to be amplified by electrons from the e-beam periphery as well.
When the peak optical power grows to a level that affects the e-beam distribution (~10MW for the OK-4 FEL example), the dynamics become very complicated. Energy loss and diffusion in the FEL make the phase-space distribution of electrons asymmetric and time dependent. The growth of the energy spread reduces the FEL gain to a level comparable to optical cavity losses while the asymmetric gain profile causes a drift of the optical pulse away from ζ=0 (see Fig.8 in ref. [4] ).
The optical power reaches maximum at G FEL = G th . After that, the processes are rather simple -the optical power decays, while electron beam distribution becomes more symmetric and simply rotates in the phase-space. This process is of interest for this letter.
Optimal Super-pulse, i.e. with maximal peak power, are generated when the growth rate of the optical power and the rate of the phase-space refreshment are well matched. Fig.4 also reveals that lower energy electrons (-3<δ<0) have maximum diffusion, while electrons with higher energy have a low diffusion energy "corridor" clearly noticeable for 1<δ<3. This diffusion asymmetry, which is fundamentally related to the amplification process in FEL, produces the top-bottom asymmetry in the Poincaré plots. The majority of electrons which have large amplitude synchrotron oscillations (a s ≥1) interact with the intense optical pulse for a small number of turns n int ∝ σ opt / a s Ω s , while passing near the ζ= 0 axis.
Further on, these electrons are weakly affected by the FEL interaction and undergo nearly regular synchrotron oscillations. The diffusion process imprints the history of the FEL interaction onto the distribution of the amplitudes of synchrotron oscillation (a s ) as a function of angle ψ . Specifically, the energy spread induced at angle ψ records the diffusion which happened about ∆n ≅ ψ / Ω s turns before the snap-shot was taken. With Q s =0.0094 used for this example, the segment 0<ψ<π shows the diffusion imprinted at negative δ between turns 147 and 200. Similarly, the segment π<ψ<2π shows the diffusion imprinted at positive δ during the same turns. The "snail-like" dependence of the amplitude spread in Fig.4 is a record of the evolution of the optical pulse whose peak power increased (almost linearly) from 0.35 to 1GW between turns 150 and 200. A linear increase of the peak power at this stage of the giant pulse is the result of the gain reduction caused by both the growth of the energy spread and depleted electron density at the location of the optical pulse. The asymmetry in diffusion is also responsible for the increase of the density at ζ<0 -the synchrotron motion moves electrons with negative energy deviations towards negative ζ. This asymmetry creates the dipole, sextupole and higher moments in longitudinal phase-space. The residual quadrupole oscillations (with frequency 2Ω s ) can be seen in the oscillations of RMS energy spread in Fig.1 after the end of the Super-pulse.
Attainment of high peak power requires FEL gain to be significantly higher than optical cavity losses: G≥(3-10)G th , as well as reasonably high synchrotron tune. These conditions can be satisfied for most SR FELs in the visible spectral range, where highly reflective optics (loss per tern <0.1%) are available. In the deep-UV range (150-250 nm) where cavity losses are at least 2% per pass, only a few SR FELs, such as OK-4/Duke and ELETTRA with G o~1 0-15% are capable of generating Super-pulses with GW levels of peak power.
The dimensionless nature of eq. (7) provides for the scalability of the results obtained for Super-pulses from one SR FEL to another. As follows from eq. (7), starting from the same initial distribution eq. (2), the dynamics of Super-pulses are defined by three parameters {r,g,q(δ )} and the spontaneous radiation. Spontaneous radiation plays the role of a seed and can be ignored at later stages of Super-pulse. Two SR FELs with the same parameters {r,g,q(δ)} would have the same average values and variations of the dimensionless peak power p o . The peak Super-pulse power can be obtained through multiplication by P n . This means that presented simulations for the OK-4/Duke SR FEL can easily be used for predicting parameters in other SR FELs.
The OK-4 FEL at Duke produced Super-pulses at wavelengths of 240-270 nm for efficient coherent harmonic generation from 130 nm to 37 nm [7] . The ELETTRA SR FEL operating typically with 6 mA per bunch at 1.5GeV [13] and optical cavity losses of 2% will generate peak intra-cavity power at the 2.5-5GW level, which is sufficient for generating coherent harmonics down to tens of nm. Overall, the unusual phenomena of Super pulses in SR FELs opens a range of new opportunities for SR FELs.
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